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THE DEGENERATE J-FLOW AND THE MABUCHI ENERGY
ON MINIMAL SURFACES OF GENERAL TYPE
JIAN SONG AND BEN WEINKOVE
Abstract. We prove existence, uniqueness and convergence of solutions of
the degenerate J-flow on Ka¨hler surfaces. As an application, we establish the
properness of the Mabuchi energy for Ka¨hler classes in a certain subcone of
the Ka¨hler cone on minimal surfaces of general type.
1. Introduction
Let M be a compact Ka¨hler surface with two Ka¨hler metrics ω0 and χ0. Let
Pχ0 be the space of smooth functions ϕ with χϕ := χ0 + ddcϕ > 0. The J-flow is
a parabolic flow defined on Pχ0 by
(1.1)
∂
∂t
ϕ = c0 − 2χϕ ∧ ω0
χ2ϕ
, ϕ|t=0 = ϕ0 ∈ Pχ0 ,
where c0 is defined by
c0 =
2[χ0] · [ω0]
[χ0]2
.
The J-flow was introduced by Donaldson [D1] in the setting of moment maps and
by Chen [Ch1] as the gradient flow of the J -functional which appears in his formula
for the Mabuchi energy. Smooth solutions to (1.1) exist for all time and are unique
[Ch2].
Under the assumption
(1.2) c0[χ0]− [ω0] > 0,
it was shown in [W1] that the solution to the J-flow converges smoothly to ϕ∞
solving the critical equation
(1.3) 2χϕ∞ ∧ ω0 = c0χ2ϕ∞ .
The fact that smooth solutions to (1.3) exist under the condition (1.2) was con-
jectured by Donaldson [D1] and proved by Chen by reducing the equation to the
complex Monge-Ampe`re equation solved by Yau [Y1]. In higher dimensions, it
was shown in [W2] that the flow converges under the cohomological assumption
c0[χ]− (n − 1)[ω0] > 0. Necessary and sufficient conditions for convergence of the
J-flow in terms of [χ0] and ω0 were found in [SW1].
In [FLM, FL1], convergence results were proved for generalizations of the J-flow
known as inverse σk-flows. In [FL2], Fang-Lai analyzed the behavior of the inverse
σk-flow on general Ka¨hler classes for metrics with Calabi symmetry. The J-flow has
been investigated on Hermitian manifolds by Y. Li [LiY], and the critical equation
1Research supported in part by NSF grants DMS-08047524 and DMS-1105373. This work was
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on Hermitian manifolds with boundary by Guan-Li [GL]. An equation bearing
strong similarities to the critical equation for the J-flow is the complex Hessian
equation (see for example [LiS, B, H, HMW, Chi]); it has been studied intensely in
the last few years, and the existence of solutions on compact Ka¨hler manifolds was
recently established by Dinew-Ko lodziej [DK].
We now return to the discussion of the J-flow. In complex dimension two, the
behavior of the J-flow was investigated [FLSW] in the case where c0[χ0]− [ω0] > 0,
where β > 0 means that the cohomology class β admits a smooth nonnegative
representative. A uniform L∞ estimate for ϕ was established, and it was shown
that the J-flow converges smoothly to a singular Ka¨hler metric away from a finite
number of curves of negative self-intersection.
In this paper, we generalize the result of [W1] in a different direction. We
consider the case where ω0 is no longer a Ka¨hler metric, but a closed (1,1) form
satisfying a certain nonnegativity condition. More precisely, assume that we have
a background Ka¨hler metric ωˆ and an effective divisor D onM with associated line
bundle [D]. Let H be a fixed Hermitian metric on the line bundle [D], and let s be
a holomorphic section of [D] which vanishes exactly along D. Our assumption on
ω0 is:
(1.4) ω0 is a smooth closed (1,1) form with ω0 >
1
C0
|s|2βH ωˆ and ω0−ρRH >
1
C0
ωˆ,
for some positive constants C0, β, ρ. Here, RH = −ddc logH denotes the curvature
form of the Hermitian metric H .
Clearly (1.4) holds if ω0 is Ka¨hler. It is not uncommon for non-Ka¨hler cohomol-
ogy classes to admit a closed form ω0 satisfying (1.4). Indeed, we will see below
that if M is a minimal surface of general type then the canonical class, if it is not
ample, is such an example. Also, it is well-known that such classes can be found
on the boundary of the Ka¨hler cone of blow-ups of Ka¨hler manifolds, as discussed
in [SW2] for example.
We call the equation (1.1) with ω0 satisfying (1.4) the degenerate J-flow. Now
(1.1) is no longer a parabolic equation in general and we cannot expect to obtain
smooth solutions. The main result of this paper is that there exists a unique “weak”
solution to this degenerate parabolic equation, which converges to a “weak” solution
of the critical equation. More precisely, define a space
(1.5) Pweakχ0 := {ϕ ∈ C∞(M \D)∩PSHχ0(M)∩L∞(M) | χ0+ddcϕ > 0 on M \D}.
where we are writing D also for the subset of M defined by the divisor D. Here
PSHχ0 (M) consists of upper semicontinuous functions ϕ :M → [−∞,∞) such that
ϕ+ ψ0 is plurisubharmonic, where ψ0 is a (smooth) local Ka¨hler potential for χ0.
We have the following result.
Theorem 1.1. Let M be a compact Ka¨hler surface, with Ka¨hler metrics χ0 and
ωˆ. Assume that ω0 satisfies (1.4) and assume that
(1.6) c0[χ0]− [ω0] > 0, for c0 = 2[χ0] · [ω0]
[χ0]2
.
For any smooth ϕ0 ∈ Pχ0 , there exists a unique solution ϕ = ϕ(t) ∈ Pweakχ0 of the
degenerate J-flow
(1.7)
∂
∂t
ϕ = c0 − 2χϕ ∧ ω0
χ2ϕ
on M \D, ϕ|t=0 = ϕ0,
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with sup
M\D
∣∣∣∣∂ϕ∂t
∣∣∣∣ bounded (independent of t).
As t→∞,
ϕ(t)
C∞
loc
(M\D)−→ ϕ∞,
where ϕ∞ ∈ Pweakχ0 solves the critical equation
(1.8) 2χϕ∞ ∧ ω0 = c0χ2ϕ∞ on M \D.
Moreover, ϕ∞ ∈ Pweakχ0 is the unique solution of the critical equation up to the
addition of a constant.
Note that ϕ∞ coincides with the pluripotential solution of (1.8) on M in the
sense of Bedford-Taylor (see [K3], for example).
We recall now the J -functional of Chen [Ch1]. Given a Ka¨hler form χ0 and a
closed (1, 1) form ω0, define the J -functional by
(1.9) Jω0,χ0(ϕ) =
∫ 1
0
∫
M
ϕ˙s(2χϕs ∧ ω0 − c0χ2ϕs)ds, for ϕ ∈ Pχ0 ,
where ϕs is a smooth path in Pχ0 between 0 and ϕ. In the case where ω0 is Ka¨hler,
the J-flow is the gradient flow of the J -functional. A consequence of our main
result is that the J -functional is uniformly bounded from below on the space Pχ0 .
Corollary 1.2. As in Theorem 1.1, let M be a compact Ka¨hler surface with Ka¨hler
metrics χ0 and ωˆ. Assume that ω0 satisfies (1.4) and that (1.6) holds. Then there
exists a constant K depending only on the fixed data M,ω0, χ0 such that
(1.10) Jω0,χ0(ϕ) > K, for all ϕ ∈ Pχ0 .
This result has an immediate application to theMabuchi energy functional, which
we now explain. A well-known open problem in Ka¨hler geometry is to determine
which Ka¨hler classes onM admit Ka¨hler metrics of constant scalar curvature. The
Yau-Tian-Donaldson conjecture relates this to a notion of stability in the sense of
geometric invariant theory [Y2, T1, D2]. A related question is to ask instead for
which Ka¨hler classes is the Mabuchi energy functional proper (see Section 3 below
for the definition). Indeed, according to a conjecture of Tian [T2], these questions
are essentially equivalent, modulo some issues which arise ifM admits holomorphic
vector fields.
It was shown by Chen [Ch1] that if the canonical bundle KM of M satisfies
KM > 0 then the Mabuchi energy is bounded below on all Ka¨hler classes [χ0]
satisfying
(1.11)
(
2[χ0] ·KM
[χ0]2
)
[χ0]−KM > 0.
An alternative proof of this was given by the second-named author using the J-flow
[W1]. Later, the authors observed [SW1] that under the same assumption (1.11),
it follows from a result of Tian [T2] that in fact the Mabuchi energy is not just
bounded below but proper. Moreover, we proved analogous results on manifolds
M of any dimension with KM > 0.
Fang-Lai-Song-Weinkove [FLSW] recently showed that the assumption (1.11)
can be weakened to
(1.12)
(
2[χ0] ·KM
[χ0]2
)
[χ0]−KM > 0,
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where σ > 0 means that the cohomology class σ admits a smooth nonnegative
representative.
In this paper, we instead allow KM to satisfy a more general nonnegativity
condition than being ample. We assume that KM is big and nef, meaning that
K2M > 0 and KM · C > 0 for all curves C on M . This is equivalent to saying that
M is a minimal surface of general type.
Corollary 1.3. Let M be a minimal surface of general type. Then the Mabuchi
energy is proper on all Ka¨hler classes [χ0] satisfying
(1.13)
(
2[χ0] ·KM
[χ0]2
)
[χ0]−KM > 0.
Thus one would expect constant scalar curvature Ka¨hler metrics to exist in these
classes. It is also expected that such classes are K-stable in the sense of [T1, D2]. In
fact, it follows immediately from results of Panov-Ross (see the argument of [PR,
Example 5.9]) that algebraic classes satisfying (1.13) are slope stable in the sense
of Ross-Thomas [RT].
The main technical results are contained in Section 2. The idea is to replace the
degenerate (1, 1)-form ω0 with a Ka¨hler form ωε for ε > 0 and obtain estimates for
the J-flow away from D which are independent of ε. As ε → 0, we have ωε → ω0
and we obtain a solution of the degenerate J-flow (cf. results of Song-Tian [ST] in
the case of the Ka¨hler-Ricci flow). The key estimates are contained in Proposition
2.1. In Section 3, we prove Theorem 1.1 and its corollaries.
Finally, some words about notation. When we are given a (1,1) form β, we will
often define a tensor with components βij by β =
√−1βijdzi ∧ dzj . An exception
to this notation is that for a Ka¨hler form ω we write ω =
√−1gijdzi ∧ dzj, and
similarly for ω0, g0, etc. Given a positive definite (1, 1) form α and a (1, 1) form β,
we write trαβ for α
jiβij , where (α
ji) is the inverse of (αij). We will often denote
uniform constants by C,C0, C1, C
′, C′′, . . . etc., which may differ from line to line.
The authors thank the referee for some helpful comments and suggestions.
2. Estimates for solutions of the J-flow
The degenerate J-flow (1.7) defined in the introduction is not a parabolic equa-
tion. We peturb the equation to make it parabolic.
Assume we are in the setting of Theorem 1.1. Write ωε = ω0+εωˆ > 0 and define
(2.1) cε := 2
[χ0] · [ωε]
[χ0]2
.
As ε→ 0, cε → c0. From (1.6), we may choose ε0 > 0 sufficiently small so that for
ε ∈ [0, ε0] we have
(2.2) cε[χ0]− [ωε] > 0.
Then consider the family of J-flows
(2.3)
∂
∂t
ϕε = cε − 2χϕ ∧ ωε
χ2ϕ
, ϕε|t=0 = ϕ0,
parametrized by ε ∈ (0, ε0]. By Chen’s result [Ch2], we know that there exists a
solution to (2.3) on M × [0,∞). The main result of this section is that we have
uniform (independent of ε) L∞ bounds for ϕε, ϕ˙ε and C
∞ estimates for ϕε away
from D.
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Proposition 2.1. In the setting described above, there exists a uniform constant
C such that for all t and ε ∈ (0, ε0],
(2.4) ‖ϕε‖L∞(M) 6 C and ‖ϕ˙ε‖L∞(M) 6 C.
Moreover, for any compact set Ω of M \D and k > 0, there exists CΩ,k > 0 such
that
(2.5) ||ϕε||Ck(Ω,χ0) 6 CΩ,k.
In order to prove the proposition, it suffices to establish the uniform L∞ estimates
on M and a second order estimate on M \D.
Lemma 2.2. There exists a uniform constant C such that for all t and ε ∈ (0, ε0],
(2.6) ‖ϕε‖L∞(M) 6 C.
Proof. Put
(2.7) αε := cεχ0 − ωε > 0.
We are allowed to assume without loss of generality that αε is Ka¨hler and in ad-
dition, there exists δ > 0 such that αε > δχ0 for all ε ∈ [0, ε0]. This is possi-
ble since the condition (1.6) implies that we can find a smooth function η with
c0χ0 − ω0 + ddcη > 2δχ0 for a small δ > 0. Shrinking ε0 if necessary, we may
assume that cεχ0 − ωε + ddcη > δχ0 for all ε ∈ [0, ε0], and we can estimate ϕε − η
instead of ϕε.
We begin by proving an L∞ estimate for ϕε which is independent of ε. We follow
an argument similar to that in [FLSW]. It uses the trick of [Ch1] of rewriting the
critical equation as a complex Monge-Ampe`re equation, together with Yau’s L∞
estimate.
There exists a smooth solution ψε of the equation
(2.8) (αε + cεdd
cψε)
2 = ω2ε , αε + cεdd
cψε > 0, sup
M
ψε = 0.
Indeed, since
[αε]
2 = c2ε[χ0]
2 + [ωε]
2 − 2cε[χ0] · [ωε] = [ωε]2,
this follows from Yau’s theorem [Y1]. Moreover,
‖ψε‖L∞ 6 C,
for C independent of ε. This follows from Yau’s original proof using Moser’s iter-
ation, since αε is a smooth family of Ka¨hler metrics which satisfy αε > δχ0 and
hence ω2ε/α
2
ε is uniformly bounded from above. Here we are using the fact that the
Sobolev constant, used in Yau’s iteration argument, remains bounded on any set of
Riemannian metrics which is compact in the C0 topology and has a uniform lower
bound.
Note that Yau’s C∞ estimates for ψε may indeed depend on ε, but in what
follows we only need uniformity in the L∞ estimate. Observe that
χψε = χ0 + dd
cψε > 0,
since χψε =
1
cε
(αε + cεdd
cψε + ωε) and αε + cεdd
cψε > 0.
We have
ω2ε = (cεχψε − ωε)2 = c2εχ2ψε − 2cεχψε ∧ ωε + ω2ε ,
and hence χψε satisfies the critical equation cεχ
2
ψε
= 2χψε ∧ ωε.
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Now put θε = ϕε − ψε and compute
∂
∂t
θε =
∂
∂t
ϕε =
2χψε ∧ ωε
χ2ψε
− 2χϕε ∧ ωε
χ2ϕε
=
∫ 1
0
d
dv
(
2ηv ∧ ωε
η2v
)
dv,(2.9)
where ηv = vχψε + (1 − v)χϕε for v ∈ [0, 1]. Define τ ℓkv = ηjkv ηℓiv (gε)ij , which is
positive definite, and compute
∂
∂t
θε =
∫ 1
0
(
d
dv
ηjiv (gε)ij
)
dv
= −
∫ 1
0
ηjkv η
ℓi
v
(
d
dv
ηv
)
kℓ
(gε)ijdv
= −
∫ 1
0
τ ℓkv (χψε − χϕε)kℓdv
=
(∫ 1
0
τ ℓkv dv
)
∂k∂ℓθε.(2.10)
Since
(∫ 1
0 τ
ℓk
v dv
)
is a positive definite tensor, we apply the maximum principle to
see that θε is uniformly bounded by supM |θε| at t = 0. Since ϕε|t=0 = ϕ0 and
ψε is uniformly bounded it follows that θε is uniformly bounded independent of ε.
Hence ϕε is uniformly bounded independent of ε. 
Next we estimate the time derivative of ϕε. First some notation: define an
operator ∆˜ε := h
ji
ε ∂i∂j , where h
ji
ε := χ
jp
ϕε
χqiϕε(gε)pq. Then:
Lemma 2.3. There exists a uniform constant C such that for all t and ε ∈ (0, ε0],
‖ϕ˙ε‖L∞(M) 6 C.
Hence we have
(2.11) χϕε >
1
C′
ωε =
1
C′
(ω0 + εωˆ),
for a uniform C′ > 0.
Proof. This follows immediately from the maximum principle as in [Ch2]. Indeed,
differentiating (2.3) we obtain
∂
∂t
ϕ˙ε = ∆˜εϕ˙ε.
Then by the maximum principle, ϕ˙ε is bounded uniformly in time. Moreover, the
bound is independent of ε. In particular, trχϕεωε 6 C
′, and this gives (2.11). 
It is important to note Lemma 2.3 does not give a uniform bound for χϕε away
from zero which is independent of ε. In particular, we have no a priori upper
bounds for trχϕε ωˆ or trhε gˆ := h
ji
ε (gˆ)ij .
Next we wish to prove an estimate for χϕε . For ease of notation, we drop all
subscripts ε and write χ for χϕ. Write u = trωˆχ. We denote by Rˆkℓij the curvature
of gˆ, and raise indices using gˆ.
We first derive an evolution equation and differential inequality for log u.
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Lemma 2.4. The evolution equation of log u is given by
(
∂
∂t
− ∆˜
)
log u =
1
u
(
−hℓkRˆ ji
kℓ
χij − gˆjihspχqr∇ˆiχrs∇ˆjχpq
− gˆjihqrχsp∇ˆiχrs∇ˆjχpq + 2Re
(
gˆjiχqkχℓp∇ˆjχpq∇ˆigkℓ
)
−gˆjiχℓk∇ˆi∇ˆjgkℓ + χℓkRˆq ℓgkq +
|∂u|2h
u
)
.(2.12)
Moreover, there exists a constant C depending only on gˆ and ‖g0‖C2(M,gˆ) such that
(
∂
∂t
− ∆˜
)
log u 6 Ctrhgˆ +
C
u
(trχωˆ)(trωωˆ) + 2Re
(
χsk
(
∂ku
u2
)
∂strωˆω
)
.
Proof. For any fixed p ∈ M , we choose a holomorphic coordinate system centered
at p with the property that (∂kgˆij)|p = 0 for all i, j, k. Compute at p,
∂
∂t
trωˆχ =
∂
∂t
(
gˆji∂i∂jϕ
)
= −gˆji∂i∂j(χℓkgkℓ)
= − gˆji∂i(−χqkχℓp(∂jχpq)gkℓ + χℓk∂jgkℓ)
= gˆji{gkℓχqkχℓp∂i∂jχpq − χskχqr(∂iχrs)χℓp(∂jχpq)gkℓ
− χqkχspχℓr(∂iχrs)(∂jχpq)gkℓ + χqkχℓp(∂jχpq)(∂igkℓ)
+ χskχℓr(∂iχrs)(∂jgkℓ)− χℓk∂i∂jgkℓ}
= gˆjihqp∂i∂jχpq − gˆjihspχqr(∂iχrs)(∂jχpq)− gˆjihqrχsp(∂iχrs)(∂jχpq)
+ 2Re
(
gˆjiχqkχℓp(∂jχpq)(∂igkℓ)
)
− gˆjiχℓk∂i∂jgkℓ.
And
∆˜ log u =
∆˜u
u
− |∂u|
2
h
u2
=
1
u
(
hℓk∂k∂ℓ(gˆ
jiχij)−
|∂u|2h
u
)
=
1
u
(
hℓkRˆ ji
kℓ
χij + h
ℓkgˆji∂k∂ℓχij −
|∂u|2h
u
)
,
where |∂u|2h := hji∂iu∂ju. Then (2.12) follows from these two equations, the Ka¨hler
condition for χ and the fact that in our coordinate system we have
gˆjiχℓk∂i∂jgkℓ = gˆ
jiχℓk∇ˆi∇ˆjgkℓ − gˆjiχℓkRˆ qij ℓgkq = gˆ
jiχℓk∇ˆi∇ˆjgkℓ − χℓkRˆqℓgkq.
To deal with the terms involving one derivative of χ we use a completing the
square argument, which is formally similar to that of Cherrier [Chr] (see also [TW,
Proposition 3.1]). Compute
K = gˆℓiχjphqkBijkBℓpq > 0,
where
Bijk = ∇ˆiχkj − χij
∂ku
u
− gbaχkb∇ˆigaj .
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We compute
K = gˆℓiχjphqk∇ˆiχkj∇ˆℓχpq + gˆℓiχjphqkχij
(
∂ku
u
)
χpℓ
(
∂qu
u
)
+ gˆℓiχjphqkgbaχkb(∇ˆigaj)gsrχrq∇ˆℓgps − 2Re
(
gˆℓiχjphqk(∇ˆiχkj)χpℓ
(
∂qu
u
))
− 2Re
(
gˆℓiχjphqk(∇ˆiχkj)gbaχaq∇ˆℓgpb
)
+ 2Re
(
gˆℓiχjphqkχij
(
∂ku
u
)
gsrχrq∇ˆℓgps
)
.
Using the definition of hji and the Ka¨hler condition for χ,
K = gˆℓiχjphqk∇ˆiχkj∇ˆℓχpq +
|∂u|2h
u
+ gˆℓiχjpχqcχdkgcdg
baχkbg
srχrq(∇ˆigaj)(∇ˆℓgps)
− 2Re
(
∂k
(
gˆℓiχiℓ
)
hqk
∂qu
u
)
− 2Re
(
gˆℓiχjpχqcχdkgcd(∇ˆiχkj)gbaχaq(∇ˆℓgpb)
)
+ 2Re
(
gˆℓiχjpχqcχdkgcdχij
(
∂ku
u
)
gsrχrq(∇ˆℓgps)
)
= gˆℓiχjphqk∇ˆiχkj∇ˆℓχpq −
|∂u|2h
u
+ gˆℓiχjpgsa(∇ˆigaj)(∇ˆℓgps)
− 2Re
(
gˆℓiχjpχbk(∇ˆiχkj)(∇ˆℓgpb)
)
+ 2Re
(
χskgˆℓp
(
∂ku
u
)
(∇ˆℓgps)
)
.
Combining this with (2.12) gives,(
∂
∂t
− ∆˜
)
log u =
1
u
{
−hℓkRˆ ji
kℓ
χij − gˆjihspχqr∇ˆiχrs∇ˆjχpq −K
+ gˆℓiχjpgsa(∇ˆigaj)(∇ˆℓgps) + 2Re
(
χsk
(
∂ku
u
)
gˆℓp(∇ˆsgpℓ)
)
−gˆjiχℓk∇ˆi∇ˆjgkℓ + χℓkRˆqℓgkq
}
6 Ctrhgˆ +
C
u
(trχωˆ)(trωωˆ) + 2Re
(
χsk
(
∂ku
u2
)
∂strωˆω
)
.
Indeed, to see the last inequality, we estimate
1
u
|hℓkRˆ ji
kℓ
χij | 6 Ctrhgˆ,
and
1
u
∣∣∣gˆjiχℓk∇ˆi∇ˆjgkℓ
∣∣∣+ 1
u
∣∣∣χℓkRˆq
ℓ
gkq
∣∣∣+ 1
u
gˆℓiχjpgsa(∇ˆigaj)(∇ˆℓgps) 6
C
u
(trχωˆ)(trωωˆ),
for a constant C depending only on gˆ and ‖g0‖C2(M,gˆ). Note that trg gˆ is uniformly
bounded from below away from zero, but may blow up along D. This completes
the proof of the lemma.

Next we prove the estimate on χ.
Lemma 2.5. There exist uniform constants C, γ, independent of ε, such that
u = trωˆχ 6
C
|s|2γH
.
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Proof. From the condition (2.7), we may choose uniform positive constants η, δ
and σ to be sufficiently small so that
(2.13) cχ0 − ω − cδRH > 3ηω,
and
(2.14) χ0 − δRH > σωˆ,
where we write c = cε = 2[χ0] · [ωε]/[χ0]2.
Define (cf. [Ts])
ϕ˜ = ϕ− δ log |s|2H .
Note that ϕ˜ is bounded from below, and tends to infinity along D. Let A > 1 be a
large constant to be determined later. Consider the evolution of the quantity
Q = log u− Aϕ˜+ 1
ϕ˜+ C0
,
where we choose the uniform constant C0 so that
0 6
1
ϕ˜+ C0
6 1.
This type of quantity was used by Phong-Sturm [PS] in their study of the degenerate
complex Monge-Ampe`re equation (for its later use in a parabolic setting, see [TW]).
Note that Q achieves a maximum at each time t away from D. Since ϕ is uniformly
bounded, it suffices to bound Q from above at its maximum, as long as A is chosen
uniformly.
Note that at a maximum of Q we have
∂ku
u
=
(
A+
1
(ϕ˜+ C0)2
)
∂kϕ˜.
Then at a maximum of Q we have, from Lemma 2.4,(
∂
∂t
− ∆˜
)
Q 6 C1trhgˆ +
C(trχωˆ)(trωωˆ)
u
+
2
u
Re
(
χsk
(
A+
1
(ϕ˜+ C0)2
)
(∂kϕ˜)∂strωˆω
)
−
(
A+
1
(ϕ˜+ C0)2
)(
∂
∂t
− ∆˜
)
ϕ˜− 2
(ϕ˜+ C0)3
|∂ϕ˜|2h.(2.15)
But from (1.4) and (2.11),
(2.16)
C(trχωˆ)(trωωˆ)
u
6
C′(trχω)(trωˆωˆ)
u|s|4βH
6
C′′
u|s|4βH
.
Observe that at a maximum of Q we may assume that C
′′
u|s|4βH
6 1. Indeed if not,
then assuming that δA > 2β, we have that log u + Aδ log |s|2H 6 C and it follows
immediately that Q is bounded from above, which is what we need to show.
Next,
2
u
Re
(
χsk
(
A+
1
(ϕ˜+ C0)2
)
(∂kϕ˜)∂strωˆω
)
6
CA
u
|∂ϕ˜|χ |∂trωˆω|χ.
But
1
u
|∂ϕ˜|2χ =
1
u
χji∂iϕ˜∂jϕ˜ 6 χ
jkχℓigˆkℓ∂iϕ˜∂jϕ˜ 6
C
|s|2βH
hji∂iϕ˜∂jϕ˜ =
C
|s|2βH
|∂ϕ˜|2h,
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and, using (2.11),
|∂trωˆω|2χ 6
C
|s|2βH
.
Hence
CA
u
|∂ϕ˜|χ |∂trωˆω|χ 6 C
′A√
u|s|2βH
|∂ϕ˜|h
6 2
|∂ϕ˜|2h
(ϕ˜+ C0)3
+
C′′A2(ϕ˜+ C0)
3
u|s|4βH
.
Putting this together, we obtain
2
u
Re
(
χsk
(
A+
1
(ϕ˜+ C0)2
)
(∂kϕ˜)∂strωˆω
)
6 2
|∂ϕ˜|2h
(ϕ˜+ C0)3
+ 1,
since we may assume without loss of generality, by an argument similar to the one
given above, that C′′A2(ϕ˜ + C0)
3/(u|s|4βH ) 6 1. Combining this with (2.15) and
(2.16), we obtain at a maximum point of Q,
0 6
(
∂
∂t
− ∆˜
)
Q 6 C1trhgˆ + 2−
(
A+
1
(ϕ˜+ C0)2
)(
∂
∂t
− ∆˜
)
ϕ˜.(2.17)
Now compute on M \D,(
∂
∂t
− ∆˜
)
ϕ˜ = c− trχω − hji∂i∂j(ϕ− δ log |s|2H)
= c− 2χjigij + hji((χ0)ij − δ(RH)ij)
= c− 2χjigij + ηhji((χ0)ij − δ(RH)ij)
+
(1− η)
c
hji(c (χ0)ij − cδ(RH)ij),(2.18)
for η > 0 as in (2.13). From (2.14), we choose A (depending only on C1, η and σ)
sufficiently large so that
Aηhji((χ0)ij − δ(RH)ij) > C1trhgˆ.
Then from this together with (2.17) and (2.18), we obtain
c− 2χjigij +
(1− η)
c
hji(c (χ0)ij − cδ(RH)ij) 6
2
A
,(2.19)
and hence from (2.13),
c− 2χjigij +
(1− η)(1 + 3η)
c
hjigij 6
2
A
.(2.20)
This implies that, shrinking η if necessary,
c− 2χjigij +
(1 + η)
c
hjigij 6
2
A
.
Now choosing coordinates for which g is the identity and χ is diagonal with entries
λ1, λ2, we have
c+
(1 + η)
c
2∑
i=1
1
λ2i
− 2
2∑
i=1
1
λi
6
2
A
.
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Completing the square as in [W2, SW1], we get
2∑
i=1
( √
c√
1 + η
−
√
1 + η√
c λi
)2
6
2
A
− c+ 2c
1 + η
=
2
A
+
c(1− η)
1 + η
.
We may assume that A is chosen large enough so that
2
A
6 η
c(1− η)
1 + η
,
and thus
2∑
i=1
( √
c√
1 + η
−
√
1 + η√
c λi
)2
6 c(1− η).
Hence, for i = 1, 2, √
c√
1 + η
−
√
1 + η√
c λi
6
√
c(1− η),
which implies that
λi 6
1 + η
c(1 −
√
1− η2)
.
Then
trgχ 6 C,
at this maximum point of Q. Hence trgˆχ 6 C at this point, and we see that Q is
bounded from above. This completes the proof. 
The higher order estimates (2.5) follows immediately by applying the standard
local parabolic theory (as in [SW1], for example). This completes the proof of
Proposition 2.1.
3. Proof of the main theorem and corollaries
We can now prove the main results of the paper.
Proof of Theorem 1.1. From Proposition 2.1, we can find a sequence εj → 0 such
that ϕεj converges in C
∞ on compact subsets of (M \D)× [0,∞). Define onM \D,
ϕ = lim
j→∞
ϕεj .
Then on (M \ D) × [0,∞), ϕ is smooth, satisfies χ0 + ddcϕ > 0 and solves the
degenerate J-flow equation (1.7). Moreover, again from Proposition 2.1, supM\D |ϕ|
and supM\D |ϕ˙| are uniformly bounded independent of t. It is a standard result in
pluripotential theory that a smooth function ϕ onM−D which satisfies χ0+ddcϕ >
0 and supM−D |ϕ| 6 C can be extended uniquely to an element of Pweakχ0 (see [K3]
for example). Writing again ϕ for this function, we obtain the required solution ϕ
to (1.7).
Now recall that the J -functional is defined on Pχ0 by (1.9). One can also write
down an explicit formula:
(3.1) Jω0,χ0(ϕ) =
∫
M
ϕ(χϕ∧ω0+χ0∧ω0)− c0
3
∫
M
ϕ(χ2ϕ+χϕ∧χ0+χ20), ϕ ∈ Pχ0 ,
and this definition extends to ϕ ∈ Pweakχ0 . From the uniform L∞ bound for the
solution ϕ(t) of the degenerate J-flow, as argued in [FLSW], we see that
(3.2) Jω0,χ0(ϕ(t)) > −C,
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for a uniform constant C independent of t. In addition, Jω0,χ0(ϕ(t)) satisfies
(3.3)
d
dt
Jω0,χ0(ϕ(t)) = −
∫
M\D
ϕ˙2χ2ϕ(t) 6 0.
Then it follows from the proof of Theorem 1.1 in [FLSW] that ϕ˙ tends to zero in
C∞ on compact subsets of M \D.
Next, define the I-functional on Pweakχ0 by
Iω0,χ0(ϕ) =
1
3
∫
M
ϕ(χ2ϕ + χϕ ∧ χ0 + χ20),
and we see that Iω0,χ0(ϕ(t)) = Iω0,χ0(ϕ0) for all t. It follows from the same
argument as in [FLSW] that as t → ∞, the solution ϕ(t) to the degenerate J-flow
converges in C∞ on compact subsets ofM \D to the unique ϕ∞ ∈ Pweakχ0 satisfying
the critical equation
2χϕ∞ ∧ ω0 = c0χ2ϕ∞
on M \D subject to the normalization condition Iω0,χ0(ϕ∞) = Iω0,χ0(ϕ0). Indeed,
to see this last uniqueness statement, observe that ϕ∞ must satisfy
(3.4) (α0 + c0dd
cϕ∞)
2 = ω20 , α0 + c0dd
cϕ∞ > 0 on M \D,
for α0 = c0χ0 − ω0 > 0. Moreover, c0ϕ∞ lies in Pweakα0 . But such solutions of the
complex Monge-Ampe`re equation (3.4) are unique up to the addition of a constant
[K2, Corollary 4.2].
It remains to prove the uniqueness of the solution ϕ(t) to the degenerate J-flow.
We use an argument similar to one given in [ST]. Suppose there is another solution
ψ(t) ∈ Pweakχ0 of (1.7) satisfying supM\D |ψ˙| 6 C. Define θδ = ϕ− ψ − δ log |s|2H on
M \D, which tends to infinity along D. For v ∈ [0, 1], let ηv = vχϕ + (1 − v)χψ,
τ ℓ¯kv = η
j¯k
v η
ℓ¯i
v (g0)ij¯ . Computing as in (2.10), we have on M \D,
∂
∂t
θδ =
(∫ 1
0
τ ℓkv dv
)
∂k∂ℓθδ − δ
(∫ 1
0
τ ℓkv dv
)
(RH)kℓ¯.
Fix a time interval [0, T ]. From the estimates supM\D |ϕ˙| 6 C and supM\D |ψ˙| 6 C
we have the estimate ηv >
1
C
ω0 for a uniform constant C > 0. It follows that
(τ ℓkv ) 6 C(g
ℓk
0 ). Then
δ
(∫ 1
0
τ ℓkv dv
)
(RH)kℓ¯ 6 Cδg
ℓk
0 (RH)kℓ 6
2Cδ
ρ
.
since, from (1.4) we have ω0 − ρRH > 0 for a uniform ρ > 0.
Hence
∂
∂t
θδ >
(∫ 1
0
τ ℓks ds
)
∂k∂ℓθδ −
2Cδ
ρ
,
and so by the maximum principle, we have
θδ > −Aδt > −AδT,
for a uniform constant A. It follows that ϕ > ψ + δ log |s|2H − AδT and so ϕ > ψ
after letting δ → 0. The same argument shows that ψ > ϕ and so ϕ = ψ. 
Proof of Corollary 1.2. Given the discussion above, this is now immediate, since
for any ϕ0 ∈ Pχ0 , we have Jω0,χ0(ϕ0) > limt→∞ Jω0,χ0(ϕ(t)) = Jω0,χ0(ϕ∞). For
the last equality, we have used Lemma 3.2 in [FLSW]. 
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Proof of Corollary 1.3. The Mabuchi energy on the Ka¨hler class [χ0] is defined by
Mχ0(ϕ) = −
∫ 1
0
∫
M
ϕ˙s(Rχϕs −R)χ2ϕsds,
where ϕs is a smooth path in Pχ0 between 0 and ϕ, and R is the average scalar
curvature R = 1∫
M
χ2
0
∫
M
Rχ0χ
2
0. Let
Eχ0(ϕ) =
√−1
∫
M
∂ϕ ∧ ∂ϕ ∧ (χ0 + χϕ).
be the well-known Aubin-Yau functional (often denoted by Iχ0). Then we say the
Mabuchi energy is proper [T2] if there exists an increasing function f : [0,∞)→ R,
satisfying limx→∞ f(x) =∞, such that for all ϕ ∈ Pχ0 ,
Mχ0(ϕ) > f(Eχ0(ϕ))).
In fact, for the purposes of this corollary, we may take f to be linear (cf. [PSSW]).
Since KM is big and nef, it is well-known that there exists a closed nonnegative
(1, 1) form ω0 ∈ c1(KM ) satisfying (1.4). Indeed, one can take a Fubini-Study
metric induced from the pluricanonical system |mKM | for sufficiently large m, and
divide by m to obtain a smooth closed nonnegative (1, 1) form ω0 ∈ c1(KM ). Note
that since ω0 is the pull-back of a holomorphic (and hence smooth) map from M
into projective space, it is smooth everywhere on M . However, it is only positive
definite onM \D where D is the base locus. Moreover, [ω0]−ρc1([D]) is Ka¨hler for
all ρ > 0 sufficiently small. Hence we can find a Hermitian metric H on [D] so that
ω0 − ρRH > 1C0 ωˆ for some fixed Ka¨hler metric ωˆ and a positive constants C0, ρ.
By definition of ω0, we have ω0 >
1
C0
|s|2βH ωˆ, for some positive β, after possibly
increasing C0.
The condition (1.13) implies that
(3.5) c0[χ0]− [ω0] > 0, for c0 = [χ0] · [ω0]
[χ0]2
.
Hence we can apply Corollary 1.2 to see that Jω0,χ0 is uniformly bounded from
below. The formula of Chen [Ch1] gives
Mχ0 = Jω0,χ0 + F ,
for a certain functional F , which is proper on Pχ0 [SW1, T2]. This completes the
proof. 
Remark 3.1. We remark that one can give an alternative proof of these two
corollaries by elliptic methods. However, we believe that the degenerate J-flow is
interesting in its own right, and may be important in extending these results to
higher dimensions.
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